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Abstract ;We present a multicriterion pretopological formalism that allows the mathematical modeling of image
segmentation. The choice of pretopology is motivated by the fact that it has less axiomsthan the topol ogy which
facilitates its adaptation to discrete spaces and in particul arly image processing. The multicriterion pretopology is based on
amulticriterion adherency that allow in aprocess of agregation to present the segmented image as a partition of all the
mulicriterion pretopological closures (or classes of equivalence).
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1. Introduction

The mathematical modeling of various problems in

image processing (image representation, segmentation,...)
has long been an active area of research. Several studies
attacked these problems [Ser 82] [Mal 97] [Cha 91] [Dou
01]. Morphological operators are the most common used
and several studies are devoted there. In the years 80,
several resaarchers developed some pretopological tools
well adapted to discrete spaces and specialy to image
processing [Aur 8] [Lam 87] [Dur 87]. These research
works are motivated by the fact that in problems using a
topological approach, some agorithms don't use, in
reality, the topological concepts. The results could not be
attached to concepts or evaluated in terms of properties
that they are susceptible to possess. The pretopology is
obtained by the weakening of the topology's axioms. The
choice of the pretopology were motivated by the fact that
it has less axioms than the topology which facilitates its
adaptation to discrete spaces and in particularly image
processing [Lam 87]. For example, in a pretopological
space, the adherency function is not idempotent, what

alows it successive applications on objects and then the
mathematical modeling of segmentation by region
growing [Mam 01]. In previous work [Mam 01], we used
some pretopological operators for the modeling of the
image
segmentation by region growing and we gave two
applications: the extraction of handwriting from check
background and edge detection. In this paper, we extend
the pretopological formalism to a multicriterion
pretopological one and give some nices properties in
images segmentation.

In section 2, we expose briefly the notion of
pretopology and we introduce the multicriterion
pretopological formalism. In section 3 we apply our
formalism to image segmentation

2. Multicriterion Pretopology Formalism

In order to weaken the axiomatic of topology, several

researchers [Aur 85] [Lam 87] [Dur 87] developed the
notion of pretopological structure. GDuru [Dur 87]
spread it in order to study and analyze some structures in
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economical and socia sciences. The pretopological
structures carried their mathematical contributions to the
image processing domain for which they represent a tool
clearing on computer procedures in total agreement with
thetheoretical concepts [Aur 85] [Lam 87] [Mam O01].
Like topology, pretopology can be constructed from the
Kuratowski's axioms. Let E be a set (the support of an
image for example) and P(E) the set of all subsets of E.

An adherency function g_.) is defined on RE) by:
suchthat: & P(E) ® P(E)

1i) af) =t
|
Tii) "Al P(E), Al a(A)

The pretopological space is noted (Ea). The
adherency function is not idempotent which allows it for
successive applications on images. In previous works
[Mam 98] [Mam 01], we show that pretopological
closures are best candidates to partition, or segmentation
by region growing, images in connected and
homogeneous subsets. We introduce for that an
adherency function which takes into account the
homogeneity between apoint and its neighbors.

Next, we extend the notion of pretopology to a
multicriterion onebased on some criterions and we give a
formalism of the segmentation by region growing.

(€

. 2
) be a set (the support of an jmagefor | Z LetE (E

,C
a set of p criterions P example) and
E, we define the set | defined on E For x

i=1,.p (8™ :{yi Vg (%), G (x,y) =V}

where V8(x) designates the set formed by the point x and
its eight neighbors and Ci(x,y)=V means that x and y are
homogenous related to the criterion Ci. Note that we can
use any other structuring elements as V4(x).
a=p-q+l qt p
Let q an integer such that,

a :{| ‘| {1,2..., p} ||||| :a}and

B(x) :tU B:(x),J I
TN %}

can be considered as a prefilter base
We define the multicriterion adherency &yq by

apq (A) :ixi E"IT G ,\TUI B; (x))(;A1 f}
@)

The multicriterion pretopological space is noted
(E,apq). The adherency function apq is not idempotent
which alows it for successive applications on images.
This multicriterion pretopology verifies the properties:
@ Al Bb apq(A)I apq(B)

£q'P "Al E (A1 A
(5)q q Apg (A1 ag (A
which means that the multicriterion pretopology defined

by apqg’ is more fine that the one defined by apq.
T AU B AL f
6 @paW U B(IC
for at least q criterions from the p one.
Note that we can define others pretopological
operators from the multicriterion adherency function:

g (A) = (apg (A)°

(M - Interior :

c

froq(A) =an (A Cang(A)
g M Pa Pa - Frontier:
- Border :

b AziTA,"Ii , U B. Aclf
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- Derivative:
d pq(A) =

N

Loz 5 0 u
," H - - 1f
o {xl A"l CagﬁlJl Bj (x) {x} CA %

The figure 1 give an idea on the effect of these

operators on a handwritten signature S with the
adherency a4(A)={ x|l E,VAX)CA1AE}

(pretopology defined with no criterion).
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Signature § ala(s))
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Figure 1. Effect of pretopological operatorson a
handwriting signature

We give now some examples of multi-criterion
pretopologies:

W:{C ,Cs,C
a set of 3criterions defined 1 ~2:~3) | gt
onE and

122 B0 ={yT g0y =V}

We can define 3 multicriterion pretopologies on the
set E asfollow:

with 3 criterionsfrom 3: (E, agg) Pretopology -

=33+1=1; @ We havein thiscase:
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wane® U1 223 1= ={{ {2}{})

multicriterion adherency :
dag (A) =

aw {x1 ei1 {123} B(x ¢ A* 1}

with 2criterionsfrom3: (E,ag, ) Pretopology -

=32+1=2: & Wehavein thiscase:

& {11 fue -2 - {2 e o)

and the multicriterion adherency :

-

Ixi E(B)EB ()G AT U

\—r

I

a32(A) = : (B{(x)E B3(X)) CALf %’/
¥ and (Bo(X)EB (X)) CA*f ¥

(12) P b

) N E,a
with 1 criterion from 3: ( 31) Pretopology -
=3-1+1=3; & Wehaveinthiscase :

& -{11 fuzh -3 -{oah (oo} L)

and the multicriterion adherency :
=1x1 E: : : 1f
(13)a31(A) ixl E (Bl(x)E BZ(X) E Bg(x)) CA
E | Itisclear that for all A
A 1 a33A) 1 a32A) 1 a31l(A) and then the
multicriterion pretopologies (E,a33), (E,.a32) and (E,a31)
areinrelation of fitness.
(E,apq)
, we Pq Unfortunately, for the pretopology
have not the interesting property

a A = a X
» pa(A = U apq (0
which would permit as in the case of a pretopology
associated to one criterion [8) to have the pretopological
closure of a set A, by the pretopological closures of its
elements. This property would permit to engage the

process of aggregation by some chosen pixels as germs.

To avoid this constraint, we use the inverse adherency

a’
defined by :  Pd

' =y 7 1
(15)a 0g (A) {xl E, apq(x) CA f}
that verifiesthe property:
a'ny (A)= U a'y (X

pPq N pq

(16) xI A

and then permit to engage the process of aggregation by

some chosen pixels as germs. The multicriterion
pretopology associated is with pqt+l criterions from p

one and permit also the mathematical modelling of the
segmentation by region growing. The segmentation is
unique and do not depend on the choice of initial germs.

We have also the property :
xT a_(x)0 syl A:yl B (%)
for at least q Pa : {
criterionsfromthep one }. (17)

3.MulticriterionPretopology and
Segmentation by Region Growing

Mathematically, the segmentation of an image is the
partition of its support to connected and homogeneous
subsets. Multicriterion pretopology alows mathematical
modeling of segmentation by region growing. The
pretopological closures are good candidates to partition
an image because they are connected, homogeneous with
regard to the homogeneity criterions and maximal. The
purpose of our approach is to lead to the segmented
image, by obtaining all the pretopological closures Ei of
the image. The pretopological closures of the image
support E, will be made by the pretopological closures of
its elements. Since the image support is finite, the
pretopological closure of the germ is reached after a
finite number of iterations. Finaly, the pretopological
closures are maximal by the fact that for a given
pretopological closure Ei, the complementary of Ei does
not have any neighbors in Ei or al its neighborsin Ei are
not 'good neighbors’’ (i.e. don't verify the homogeneity
E). An initial pixel or | criterions with any element x
germ, automatically chosen is used to engage the process
of aggregation. This iterative aggregation finished by
obtaining the pretopological closure of the germ. This
later is chosen among the image points not again treaties
or aggregates.
The general algorithmiis:
E to start the aggregation | 1. Chose an initial germ xL
process.
2. Search the multicriterion pretopological closure Kx1)

r
)_$r tF(xq) = (apq) (Xl)of X1 (
3. Chose another germ x2 in EF(x1) and search its
multicriterion pretopological closure H(x2).

E - U F (Xl )
4. If thereisapoint in
agerm, go to step 1.
5. Finally, present the resulting image as a partition of all
the multicriterion pretopological closures (or classes of
equivalence).

that can be taken as

Next we give an application of our multicriterion
pretopology approach, for the task of edge detection, with
two criterions (defined in previous works) : afiliformity
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criterion ((Mam 01]) and a criterion of contrast ((Mam
RB]).

i \ ts
‘ .qil\\:% - ‘\ ¥,
Pretopological closure
with the filiformity
criterion

\f‘%%)

Pretopological closure
with the contrast criterion

Multicriterion
Pretopological closure
with thefiliformity and
the contrast criterions
Figure 2: Edge detection based on the multicriterion
pretopological approach

Multicriterion
Pretopological closure
with the filiformity or the
contrast criterion

4. Conclusion

We have presented a multicriterion pretopological
approach where the adherency function is defined from
some homogeneity criterions. The multicriterion
pretopological adherency is non idempotent and permits
then the implementation of iterative algorithms. This
approach  allows the mathematical modeling of the
segmentation by region growing where the resulting
image is presented as a partition of all the multicriterion
pretopological closures. In our future works, we will
apply this formalism with criterions based on
pretopological measures for the task of  off-line
handwritten signature verification.
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